Type IIB string action on AdS 5 × S 5 constructed in hep-th/9805028 is put into a form where it becomes quadratic in fermions. This is achieved by performing 2-d duality (T-duality) on the action in which kappa-symmetry was fixed in the Killing gauge in hep-th/9808038. We discuss some properties and possible applications of the resulting action.
1. The classical superstring action of Green-Schwarz type [1] was recently constructed in the non-trivial maximally supersymmetric D = 10 type IIB supergravity vacuum [2] (which is also the near horizon space of the D3 brane [3] ), i.e. in the AdS 5 × S 5 background [4, 5, 6] . This action has local κ-symmetry and 2-d reparametrization symmetry. By gauge-fixing κ-symmetry one can reduce the number of fermions by 1/2 to match the number of physical bosonic and fermionic degrees of freedom. The gauge-fixing of κ-symmetry was performed in [7] developing the proposal [8] and the action was found which has terms at most quartic in fermions.
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The special κ-symmetry gauge using the projector parallel to D3-brane directions allowed to substantially reduce the power of fermionic terms in the action. Still, in contrast to the Green-Schwarz action in the light-cone gauge (in flat space or on a group manifold), the resulting action was not quadratic in fermions.
One of the purposes of this paper is to describe a simple transformation that relates the gauge-fixed action to an action which is quadratic in fermions. This transformation is the 2-d scalar-scalar duality applied to the string coordinates parallel to the 'D3-brane' directions. The corresponding target space transformation is T-duality along the 4 world-volume D3-brane directions. It transforms the near-core D3-brane background (i.e. AdS 5 × S 5 ) into the near-core D-instanton background [11] smeared in the 4 directions. This T-dual background has conformally flat D = 10 string-frame metric which, remarkably, is again equivalent to the AdS 5 × S 5 metric (as can be seen by the coordinate transformation y → 1/y in the radial direction). 2 In addition, there are non-vanishing dilaton and Ramond-Ramond scalar backgrounds.
3
The resulting dual action (which, as usual, is expected to represent an equivalent 1 A similar action was found in [9] using supersolvable (Ssolv) algebra approach [10] . That action will be qualified as a gauge-fixed action if the relation between the gauge-fixing and Ssolv algebra approach is clarified. It is not quite clear whether the actions in [7] and in [9] actually agree given also that different choices of bosonic (and fermionic) coordinates were used: Cartesian and horospherical in [7] and projective coordinates on S 5 in [9] . 2 Note that the near-core string-frame metric of the localized (not smeared) D-instanton background is flat [12, 13] . 3 The AdS 5 × S 5 metric can be completed to a solution of type IIB supergravity by either the RR 4-form background or by the T-dual dilaton and RR 0-form background.
2-d conformal theory, at least in the case of toroidal compactification of D3-brane directions) can thus be interpreted as an action of a fundamental string propagating in the near-core region of the smeared D-instanton background. The drastic simplification of the fermionic part of the action may be related to the fact that the D-instanton background has flat D = 10 Einstein-frame metric.
The fermionic part of the action takes the formθAθ, where A is a first-order differential operator, A ∼ ∂X∂. Remarkably, A does not depend on the 2-d metric as the fermionic term is of WZ type. Since the κ-symmetry gauge is already fixed,
A should be non-degenerate for generic string background. We shall show that invertibility of the operator A puts certain constraints on the properties of the bosonic string coordinate X background.
Having quadratic fermionic action should be important for solution of the corre- plementing the all-order perturbative conformal invariance proof given in [4, 15] .
While the bosonic AdS 5 × S 5 sigma-model is classically integrable but not solvable
and not conformal at the quantum level, one may expect that the theory defined by the superstring action or S ef f (X) will have properties which are similar to those of the group space sigma model (WZW theory), and, in particular, may be explicitly solvable as a 2-d theory.
One possible application of the superstring action that we shall briefly discuss below is to the computation of the 1-loop correction to the semiclassical value of the Wilson factor in [16] . It is plausible that the Lüscher 1/L term in the effective potential is non-vanishing in this case (cf. [17] ).
2. We start with the classical AdS 5 × S 5 action obtained in the closed form via a supercoset construction [4, 5, 6 ] (2πα ′ = 1)
Here
where Xm and Θ I are the bosonic and fermionic superstring coordinates and
(DΘ)
The Dirac matrices are split in the '5+5' way,
where σ k are Pauli matrices (see [4, 6] for details on notation).
Let us review the κ-symmetry gauge fixing of this action performed in [7] . We shall use the 'D3-brane adapted' or '4+6' bosonic coordinates Xm = (x p , y t ) in which the AdS 5 × S 5 metric is split into the parts parallel and transverse to the D3-brane directions (we take the radius parameter to be R = 1)
where p = 0, ..., 3, t = 4, ..., 9. In what follows the contractions of the indices p is understood with Minkowski metric and indices t -with Euclidean metric. The κ-symmetry gauge is fixed using the 'parallel to D3-brane' Γ-matrix projector
4 This projector is hermitean and anticommutes with Γ 0 so thatΘ
For two spinors Θ and Ψ one hasΘ In '5+5' coordinates (x a = (x p , x 4 = y) and ξ a ′ coordinates on S 5 ) one finds that
Using that the S 5 part of the covariant derivative satisfies D 
Eq. (8) suggests to make the change of the fermionic variable Θ → θ
If we further transform from the coordinates (y, ξ a ′ ) to the 6-d Cartesian coordinates
, that would effectively absorb the matrix Λ into an SO(6) spinor rotation. 6 This simplification is suggested [8] 
one finds that the κ-symmetry gauge-fixed string action in AdS 5 × S 5 background (1) expressed in terms of the bosonic coordinates Xm = (x p , y t ) and the single D = 10 5 The same matrix appears in the expression for the Killing spinors on S 5 [18] . 6 This may be interpreted as a rotation from (y, 0, 0, 0, 0, 0) to a generic 6-vector y t by the SO(6) transformation parametrised by S 5 angles or by the unit vectorŷ t = y t y . In the Cartesian coordinates y t = yŷ t the 6-d part of the covariant derivative has the form D
Majorana-Weyl spinor ϑ takes the following simple form
The ΘΘ∂X∂X terms representing the coupling to the RR background present [4] in the original action (1) are now 'hidden' in theθ∂ϑ∂X terms because of the redefinition made in (9).
The same action but without y 2 and 1/y 2 factors is found by fixing the κ-symmetry 3. Let us now perform the 2-d duality transformation of the four x p coordinates.
As usual, this is done by putting the action in the first-order form by introducing the 7 Let us summarize the main steps in the derivation of this action. One way to argue that the string action simplifies in the '4+6' cartesian coordinates is to start with the '5+5' or 'direct product' formulation [4] where one has the underlying superalgebra and supercoset space construction and thus can find the explicit solution [5] for the supervielbein in terms of the M 2 matrix (3) (the existence of such solution is not manifest in the cartesian coordinates where the 10-d metric (5) does not look like a direct product). One is then able to argue [8, 7] that after fixing the 'D3-brane' κ-symmetry gauge the supergeometry simplifies so that the vielbein contains θ 2 terms at most. Hence the string action should involve only terms of n = 0, 2, 4 power in fermions. The structure of the 'kinetic' term in the action is obvious, while to fix the form of the WZ term it is useful to switch from the '5+5' to the manifest 10-d spinor notation. The 3-form that appears in the WZ term is [4] 
and since in the D3-brane gauge for the cartesian coordinate metric (5) [19, 7] we learn that the bracket in H is essentially the same as in the flat space case and is non-vanishing only forâ = t, i.e. for the transverse 6-space indices. Using that L t = y −1 dy t one finishes with the above simple 'flat-space' form of the WZ term.
'momenta' (Lagrange multipliers) P
Integrating out x p and solving the resulting constraint on P
we finish with the dual actioñ
At the quantum level, the 2-d duality is accompanied [20] by the dilaton term [21] which should be added to the dual action (14) to preserve its conformal invariance,
A remarkable property of the action (14) is not only that its fermionic part is quadratic in θ but also that it does not depend on 2-d metric, i.e. is given by a WZ type term.
This WZ term is linear in the bosonic coordinates, i.e. has formally the same form as in flat target space. A somewhat surprising conclusion is that adding this fermionic term to the bosonic symmetric space AdS 5 × S 5 sigma model action (with dilaton term (15) also included) should give a conformally invariant 2-d theory!
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Let us note that if we would start with the '5+5' form of the action in which the WZ term has a more complicated structure depending on the S 5 spinor matrix Λ(ξ) in (9) (which drops out of the 'kinetic' term in (11)), that would not affect the 2-d duality transformation step, and the resulting dual action will still be quadratic in fermions.
8 Let us mention also that written in terms of the variable ρ = 1 2 ln y the bosonic part of the action (14) , (15) is very similar to the one discussed in [22] : the background metric and dilaton are
The duality has partially restored a 'symmetry' between 'parallel' and 'transverse'
coordinates. Starting with the flat-space analogue of (11) and performing the same duality transformation one would get (14) without the 1/y 2 factor, i.e. obtain indeed the SO(1, 9) invariant action forXâ = (x p , y t ) and θ
This looks like the type I (or heterotic) flat-space string action but without the standard fermionic terms complementing ∂X in the 'kinetic' part of the action (as a result, the κ-symmetry is broken, as, of course, should be in the present type IIB gauge-fixed theory). 9 We would arrive at exactly the same flat-space dual action (16) had we started with the flat-space IIB action, used the 'Dq-brane' combination Γ 0...q (q =odd) instead of Γ 0123 in (6) and dualized the 'parallel' coordinates x p , p = 0, ..., q.
However, that procedure would no longer generalize to curved AdS 5 × S 5 space unless q = 3: the form of the AdS 5 × S 5 background (5) prefers the 'D3-brane' gauge choice (6).
As was already mentioned above, the fact that 2-d duality simplified the structure of the fermionic terms is related to the key property of the gauge-fixed action (11) or its flat-space counterpart: only part of the bosonic coordinates ('transverse' ones) appear in the WZ term. For example, the standard type I superstring action which has similar form of a sum of a 'kinetic' (2-d metric dependent) and a WZ term, i.e.
(∂X −θ∂θ) 2 + idX ∧θdθ, preserves its form under 2-d duality applied to any of the coordinates Xâ, as all of them enter both the first and the second term in that action.
The dual action (14) can be interpreted as describing the fundamental string propagating in the background representing the near-core region of the D-instanton smeared in the 4 directionsx p . This background is T-dual 10 to the original D3-brane 9 Note that fixing the light-cone κ-symmetry gauge Γ + θ = 0 in the flat-space IIB action leads to the action ( ∂X +θ Γ − ∂ϑ) which is similar to (16) but is not 10-d Lorentz-invariant and has the fermionic term which depends on the 2-d metric, while in (16) the fermionic term has purely 'topological' WZ structure. 10 Note that T-duality along the isometric D3-brane directions preserves supersymmetry since the background and has the form
Note that this conformally flat D = 10 string-frame metric is actually equivalent to the AdS 5 × S 5 metric (5): changing the coordinates y t so that the radial coordinate gets inverted, y = 1/y ′ , we get (we setR = 1 as above)
Thus, like the action (11), the dual action (14) can also be directly interpreted as describing a superstring propagating in AdS 5 × S 5 space, now supplemented not by the 4-form background but by the dilaton and 0-form backgrounds.
Since the fermionic term in (14) does not depend on the 2-d metric, the semiclassically equivalent Nambu-type action obtained by solving for g ij is thus also quadratic
A possible reparametrization gauge choice here may be the static gauge:x i = σ i , i = 0, 1, leading to the free 'kinetic'θ∂ϑ term in the action (π = 2, 3)
The semiclassical expansion is then developed by starting with a particular solution for the string coordinates (e.g., y = y(σ),x π = 0 as in [16] , see below) and integrating over small fluctuations near it.
Let us note that in fixing the static gauge one assumes that the ground state of the string is massive, i.e. this gauge is appropriate for a solitonic string or wound string state but cannot be used to describe a spectrum of a fundamental string in
Killing spinors do not depend on these isometric coordinates [19] .
the zero-winding sector. In flat space an adequate gauge for the latter purpose is the combination of the conformal gauge √ −gg ij = η ij and the light-cone gauge x + = σ 0 .
However, fixing the light-cone gauge in a curved space which is not a direct product
may not always be possible (see, e.g., [23] ). Indeed, in contrast to what happens in flat space (or in a plane-wave type backgrounds [24, 25] ), in the present AdS 5 × S 5 case the conformal-gauge bosonic string equations of motion for x 0 , x the dual action (14) . Indeed, if we assume that ∂ σxanalytic form, (32) allows to eliminate ∂ 1 y in terms of y. The classical value of the string action is proportional to T /L. Expanding the action near the solution one may compute the 1-loop correction to the effective potential.
Here we shall consider only the quadratic fermionic part as it follows from the Nambu analogue of the gauge-fixed action (11) . Using (32), one finds that the classical value of the induced Euclidean 2-d metric is g ij = y 2 δ ij + 1 y 2 ∂ i y∂ j y = diag(y 2 , ay 6 ).
, and the sum of the quadratic fermionic terms in the action takes the form
We used the fact that in the static gauge ∂ i x p = δ 
